Constructing generic non-extremal

black-hole solutions
of N=2, d=4,5 Supergravity

Tomas Ortin
(LF.T. UAM/CSIC, Madrid)

Work done in collaboration with
e A. de Antonio (IFT-UAM/CSIC, Madrid)

e P. Galli (U. Valencia),

e P. Meessen (U. Oviedo),

e J. Perz (IFT-UAM/CSIC, Madrid)

e C.S. Shahbazi (IFT-UAM/CSIC, Madrid)
published in arXiv:1105.3311 , arXiv:1107.5454, arXiv:1112.3332, arXiv:1203.0260 and
arXiv:1204.0507.

Talk given at the Branes and Black Holes Workshop



Plan of the Talk:

1
3

L1l
15

18
29
34

36
37

43

Introduction
FGK formalism for black p-branes in d d

Construction of explicit solutions: extre
Construction of explicit solutions: non-e

A complete example: CP" model
H-FGK formalism for N = 2, d = 4 supe
H-FGK formalism for N = 2, d = 5 supe

H-variables for black holes
K-variables for black strings

Conclusions




Non-extremal black holes and black branes

1 — Introduction

May 31st 2012 Branes and Black Holes Workshop, London Page 1



Non-extremal black holes and black branes

1 — Introduction

In the last years we have learned a lot about black-hole solutions, but mostly about
the extremal supersymmetric ones:

May 31st 2012 Branes and Black Holes Workshop, London Page 1-a



Non-extremal black holes and black branes

1 — Introduction

In the last years we have learned a lot about black-hole solutions, but mostly about
the extremal supersymmetric ones:

[0 We know how to construct all the extremal supersymmetric ones in several
d = 4,5 ungauged supergravities .

May 31st 2012 Branes and Black Holes Workshop, London Page 1-b



Non-extremal black holes and black branes

1 — Introduction

In the last years we have learned a lot about black-hole solutions, but mostly about
the extremal supersymmetric ones:
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Non-extremal black holes and black branes

1 — Introduction

In the last years we have learned a lot about black-hole solutions, but mostly about
the extremal supersymmetric ones:

[0 We know how to construct all the extremal supersymmetric ones in several
d = 4,5 ungauged supergravities .

[1 We know some things about the extremal non-supersymmetric ones through
their attractors, but, in general, we do not know how to construct the full
solutions.

[1 We do not know much about the non-extremal ones, which should be closer to
reality. Only a handful of examples.

In this talk I will present a general ansatz and a general
formalism to construct non-extremal black-hole and black-
brane solutions and we will study some examples. First, we
will review some general results.

May 31st 2012 Branes and Black Holes Workshop, London Page 1-e



Non-extremal black holes and black branes

We are interested in explicit solutions of non-extremal black holes and
black branes. We are going to use a generalization of the FGK for-
malism (Ferrara-Gibbons-Kallosh, 1997) which has been used mainly
to study extremal black-hole solutions in only 4 dimensions.
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Non-extremal black holes and black branes

We are interested in explicit solutions of non-extremal black holes and
black branes. We are going to use a generalization of the FGK for-
malism (Ferrara-Gibbons-Kallosh, 1997) which has been used mainly
to study extremal black-hole solutions in only 4 dimensions.

We start by reviewing the FGK formalism

for black holes and black branes.
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Non-extremal black holes and black branes

2 — FGK formalism for black p-branes in d dimensions

Consider the generic d-dimensional spacetime action describing scalars ¢* and

(p + 1)-form potentials A& L1y coupled to gravity:

I = /ddx\/H{Rﬂqu;j(qb)@mbi@“W

+4 []AE(@F (or2) Flpra) T S BAs(O)F (o) * F <§+2>” ’

where the last term occurs only when p = p = (d —4)/2 and

Rax(9) = —ERua(9),  &€=(-D" = (=)t
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Non-extremal black holes and black branes

2 — FGK formalism for black p-branes in d dimensions

Consider the generic d-dimensional spacetime action describing scalars ¢* and

(p + 1)-form potentials A& L1y coupled to gravity:

I = /ddx\/H{RﬂLQq;j(qb)@mbi@“W

+4 []AE(@F (or2) Flpra) T S BAs(O)F (o) * F <§+2>” ,

where the last term occurs only when p = p = (d —4)/2 and

Rasi(¢) = —€2Rsa(9), e = (~1)FH = (—1)rtt.

We want to find solutions describing single, static, charged, regular, black p-branes
with flat worldvolume in the directions ¥,y = (y1,--- ,¥,) living in a spacetime of

d = p—+ p+ 4 dimensions.
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Non-extremal black holes and black branes

Our general ansatz for the metric only contains an independent function U(p).

p+L /Y(p—|—3)mndx dx™

2 g [ 20, o _
sty = erhil [entronds? — ety |

2

To p+1 ro dp
— 4+ dO?
[Sinh(roﬂ)] (Sinh(Top)> (p+1)2 e CUTTE S

Y (p+3) mn dx"dx"
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Non-extremal black holes and black branes

Our general ansatz for the metric only contains an independent function U(p).

2

dsfy = erit’ [G%Wdﬂ_ T Opd?J(p)] e T Y (pr3) mada™ da”

2 o )
To p+1 ro dp
4+ dO?
[Sinh (7’0/0)] [(Sinh (rop) > (p+1)2 T A 12)

(1 In these coordinates the (outer) event horizon lyes at p — +o00 and spatial
infinity at p — 0.

Y (p+3) mn dx"dx"
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Non-extremal black holes and black branes

Our general ansatz for the metric only contains an independent function U(p).

2

2 o )
To p+1 ro dp
4+ dO?
[Sinh (7’0/0)] [(Sinh (rop) > (p+1)2 T A 12)

(1 In these coordinates the (outer) event horizon lyes at p — +o00 and spatial
infinity at p — 0.

Y (p+3) mn dx"dx"

[0 The interior of the inner (Cauchy) horizon the black hole is described by a
metric obtained from the one above by the (non-coordinate) transformation

b— o, U0 _y _o~U(-0)

May 31st 2012 Branes and Black Holes Workshop, London Page 4-b



Non-extremal black holes and black branes

Our general ansatz for the metric only contains an independent function U(p).

2

ds? erriU [e%mpdﬂ e T Opdy(p)] _WUV(Z%L:%) mndx™dx"™

(d) —

2 o )
To p+1 ro dp
4+ dO?
[Sinh (7’0/0)] [(Sinh (rop) > (p+1)2 T A 12)

(1 In these coordinates the (outer) event horizon lyes at p — +o00 and spatial
infinity at p — 0.

Y (p+3) mn dx"dx"

[0 The interior of the inner (Cauchy) horizon the black hole is described by a
metric obtained from the one above by the (non-coordinate) transformation

b— o, U0 _y _o~U(-0)

[1 The inner horizon at ¢ — 400 and the singularity at 0 = 0gine > 0.
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Non-extremal black holes and black branes

In the general metric rg is always the non-extremality parameter.

May 31st 2012 Branes and Black Holes Workshop, London Page 5



Non-extremal black holes and black branes

In the general metric rg is always the non-extremality parameter.

If 5 is the normalized

p+2
W(p+2)

and 7' is the Hawking temperature

(2r) 7T = 2Tttt
p+1

(ro = 25T for 4-dimensional black holes.)
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Non-extremal black holes and black branes

In the general metric rg is always the non-extremality parameter.

If 5 is the normalized

— _hp+2
W(p+2)
and 1" is the Hawking temperature
(2r) 7T = 2Tttt

(ro = 25T for 4-dimensional black holes.)

This relation is true with the same rg
for both inner and outer horizons.

May 31st 2012
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Non-extremal black holes and black branes

With this formalism we will be able to compute

the of the inner (—) and outer (+) horizons

and check that the product
S, S_
is a moduli-independent combination

of conserved quantities.
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Non-extremal black holes and black branes

For regular (S > 0) black branes, in the ry — 0 limit we find 7" — 0.
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For regular (S > 0) black branes, in the ry — 0 limit we find 7" — 0.

Non-extremal black holes and black branes

In this extremal limit we get the standard metric for extremal p-branes

2
ds(d)

20 [ .9 Lo e 1 [ 1 dp? 5

cr {dt _dy(p)] N p% [p2 (p+1)2 +dQ(ﬁ+2)

20 [ 2.9 9 20 9 e
ep+1 {dt —dy(p)] —e 7P 1d:13(~+3), with |Z543] = p~ 741
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Non-extremal black holes and black branes

For regular (S > 0) black branes, in the ry — 0 limit we find 7" — 0.

In this extremal limit we get the standard metric for extremal p-branes

20 ~ T dp2
ds2, = eif [dt?-d*?]—e 402
5(d) € Y(p) p% p2 (p+ 1)2 T (5 42)
20 } RN 1
= o |di? g | - T dRR . with [Tpe| = 77

The non-extremality parameter ry; encodes a
great deal of information.
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Non-extremal black holes and black branes

For regular (S > 0) black branes, in the ry — 0 limit we find 7" — 0.

In this extremal limit we get the standard metric for extremal p-branes

20 ~ T dp2
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The non-extremality parameter ry; encodes a
great deal of information.

We now 7 as a function of the physical parameters (mass, charges, moduli ) only in
a few cases:
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Non-extremal black holes and black branes

For regular (S > 0) black branes, in the ry — 0 limit we find 7" — 0.

In this extremal limit we get the standard metric for extremal p-branes

20 ~ T dp2
ds2, = eif [dt?-d*?]—e 402
5(d) € Y(p) p% p2 (p+ 1)2 T (5 42)
20 } RN 1
= o |di? g | - T dRR . with [Tpe| = 77

The non-extremality parameter ry; encodes a
great deal of information.

We now 7 as a function of the physical parameters (mass, charges, moduli ) only in
a few cases:

O rg = for the Schwarzschild black hole.

O rg = \/ > — (g2 + p?) for the Reissner -Nordstrém black hole.
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Non-extremal black holes and black branes

For regular (S > 0) black branes, in the ry — 0 limit we find 7" — 0.

In this extremal limit we get the standard metric for extremal p-branes

20 ~ T dp2
ds2, = eif [dt?-d*?]—e 402
5(d) € Y(p) p% p2 (p+ 1)2 T (5 42)
20 } RN 1
= o |di? g | - T dRR . with [Tpe| = 77

The non-extremality parameter ry; encodes a
great deal of information.

We now 7 as a function of the physical parameters (mass, charges, moduli ) only in
a few cases:

O rg = for the Schwarzschild black hole.

O rg = \/ > — (g2 + p?) for the Reissner -Nordstrém black hole.

What is 7y in more general cases?
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Non-extremal black holes and black branes

The effective action for U(p), ¢*(p) is

ILea[U, ¢'] = /dT {(U) + N2 G, il — 2V Vg + 7’02} ,

where we have defined the black-brane potential

—VeB(0, Q) = ——QMQNMMN(¢)

where
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Non-extremal black holes and black branes

The effective action for U(p), ¢*(p) is

Ll 01 = [ ar {02 + LG, 415 — v + 12

where we have defined the black-brane potential

—ViB(0, Q) = ——QMQNMMN(Qb)
where
(] — fQR]_lR)AE fQ(R]_l)AE
@)=(1)  Muw= ,
_(I_lR)AE (I—l)AZ

are O(n,n) (resp. Sp(n,n)) vector and matrix when £? = +1 (resp. —1). (In general
Ras, = p™ = 0 and the duality group is just SO(n)).
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Non-extremal black holes and black branes

The effective action for U(p), ¢*(p) is

Lal0,0) = [ dr {(@) + LG, 50 — Vi + 17}

where we have defined the black-brane potential

—VeB(¢, Q) = —59M Q" Mun(0),
where
(] — f2R]_1R)AE fQ(R]_l)AE
@)=(1)  Muw= ,
A —(I_lR)AE (I—l)AE

are O(n,n) (resp. Sp(n,n)) vector and matrix when £? = +1 (resp. —1). (In general
Ras, = p™ = 0 and the duality group is just SO(n)).

Finding a p-black brane in d dimensions with charges p, g is equiv-
alent to solving the above mechanical system for U(p), ¢*(p).
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Non-extremal black holes and black branes

We can now use the equations of motion to derive general results for black branes,
generalizing those obtained by FGK for 4-dimensional black holes.
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Non-extremal black holes and black branes

We can now use the equations of motion to derive general results for black branes,
generalizing those obtained by FGK for 4-dimensional black holes.

For extremal (ry = 0) black branes:
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Non-extremal black holes and black branes
We can now use the equations of motion to derive general results for black branes,
generalizing those obtained by FGK for 4-dimensional black holes.
For extremal (ry = 0) black branes:
[0 The values of the scalars on the event horizon ¢! are critical points of the

black-brane potential
87; VBB’@} = 0.
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Non-extremal black holes and black branes

We can now use the equations of motion to derive general results for black branes,
generalizing those obtained by FGK for 4-dimensional black holes.

For extremal (ry = 0) black branes:

[0 The values of the scalars on the event horizon ¢! are critical points of the
black-brane potential

87; VBB’@} =0.
The general solution ( ) is
Ot = Oh(Poos D, Q) b = lim ¢'(p),
p—0T
but in many cases ¢! = ¢} (p,q) (true )
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Non-extremal black holes and black branes

We can now use the equations of motion to derive general results for black branes,
generalizing those obtained by FGK for 4-dimensional black holes.

For extremal (ry = 0) black branes:

[0 The values of the scalars on the event horizon ¢! are critical points of the
black-brane potential

87; VBB’@} =0.
The general solution ( ) is
Ot = Oh(Poos D, Q) b = lim ¢'(p),
p—0T
but in many cases ¢! = ¢} (p,q) (true )

[0 The value of the black-brane potential at the critical points gives the

_pr2
= |VBB(¢n, ¢, p)|27*D = 5(p, q),
which is amenable to a microscopic interpretation.
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Non-extremal black holes and black branes

We can now use the equations of motion to derive general results for black branes,
generalizing those obtained by FGK for 4-dimensional black holes.

For extremal (ry = 0) black branes:

[0 The values of the scalars on the event horizon ¢! are critical points of the
black-brane potential

87; VBB’@} =0.
The general solution ( ) is
Ot = Oh(Poos D, Q) b = lim ¢'(p),
p—0T
but in many cases ¢! = ¢} (p,q) (true )

[0 The value of the black-brane potential at the critical points gives the

_pr2
= |VBB(¢n, ¢, p)|27*D = 5(p, q),
which is amenable to a microscopic interpretation.

0 The near-horizon geometry is always AdS, 2 x SPT2 with the AdS, 2 and SP*?

radii both equal to 51/2.
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Non-extremal black holes and black branes

Each critical point yields a possible extremal black-hole
solution and an AdS,,» X SPT? geometry. One can go a

long way in the study of extremal black holes with the
only, ignoring the full explicit solution.
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Non-extremal black holes and black branes

Each critical point yields a possible extremal black-hole
solution and an AdS,,» X SPT? geometry. One can go a

long way in the study of extremal black holes with the
only, ignoring the full explicit solution.

For ro £ 0 one can prove the following extremality bound:

~

rot = R P DL B 206, (00) 'S 4 Vine 1)
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long way in the study of extremal black holes with the
only, ignoring the full explicit solution.

For ro £ 0 one can prove the following extremality bound:

~

rot = R P DL B 206, (00) 'S 4 Vine 1)

However, this expression is useless!
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Non-extremal black holes and black branes

Each critical point yields a possible extremal black-hole
solution and an AdS,,» X SPT? geometry. One can go a

long way in the study of extremal black holes with the
only, ignoring the full explicit solution.

For ro £ 0 one can prove the following extremality bound:

~

rot = R P DL B 206, (00) 'S 4 Vine 1)

However, this expression is useless!

According to the no-hair “theorem” only X' = (T, ¢'_, q,p) (secondary hair) are
allowed for regular black branes.
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Non-extremal black holes and black branes

Each critical point yields a possible extremal black-hole
solution and an AdS,,» X SPT? geometry. One can go a

long way in the study of extremal black holes with the
only, ignoring the full explicit solution.

For ro £ 0 one can prove the following extremality bound:

~

rot = R P DL B 206, (00) 'S 4 Vine 1)

However, this expression is useless!

According to the no-hair “theorem” only X' = (T, ¢'_, q,p) (secondary hair) are
allowed for regular black branes.

But the explicit form of these functions is unknown a prior:.
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Non-extremal black holes and black branes

Each critical point yields a possible extremal black-hole
solution and an AdS,,» X SPT? geometry. One can go a

long way in the study of extremal black holes with the
only, ignoring the full explicit solution.

For ro £ 0 one can prove the following extremality bound:

~

p2 = [+ DE+DT, +p@+ Dol (0 + D +2)

(d —2)? (d —2) Gij(9o0) "2 + Von(doc, ¢, 1)

However, this expression is useless!

According to the no-hair “theorem” only X' = (T, ¢'_, q,p) (secondary hair) are
allowed for regular black branes.

But the explicit form of these functions is unknown a prior:.

Furthermore, in the general case, there is no for the scalars and
the is unrelated to the black brane potential.
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Non-extremal black holes and black branes

Each critical point yields a possible extremal black-hole
solution and an AdS,,» X SPT? geometry. One can go a

long way in the study of extremal black holes with the
only, ignoring the full explicit solution.

For ro £ 0 one can prove the following extremality bound:

~

p2 = [+ DE+DT, +p@+ Dol (0 + D +2)

(d — 2)2 (d _ 2) gw(¢oo)zzzj T Vbh(¢007 Q7p) ’

However, this expression is useless!

According to the no-hair “theorem” only X' = (T, ¢'_, q,p) (secondary hair) are
allowed for regular black branes.

But the explicit form of these functions is unknown a prior:.

Furthermore, in the general case, there is no for the scalars and
the is unrelated to the black brane potential.

In the non-extremal case we need the complete explicit solution.
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Non-extremal black holes and black branes

3 — Construction of explicit solutions: extremal supersymmetric

May 31st 2012 Branes and Black Holes Workshop, London Page 11



Non-extremal black holes and black branes

3 — Construction of explicit solutions: extremal supersymmetric

Our construction of non-extremal black brane solutions is based on the construction
of the extremal supersymmetric ones. We review these first.
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Non-extremal black holes and black branes

3 — Construction of explicit solutions: extremal supersymmetric

Our construction of non-extremal black brane solutions is based on the construction
of the extremal supersymmetric ones. We review these first.

By analyzing the integrability conditions of the Killing spinor equations d.¢/ = 0 it
is possible to determine the general form of all the supersymmetric solutions of any
Supergravity theory (Tod (1983)), and then find the supersymmetric black hole
solutions.
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Non-extremal black holes and black branes

3 — Construction of explicit solutions: extremal supersymmetric

Our construction of non-extremal black brane solutions is based on the construction
of the extremal supersymmetric ones. We review these first.

By analyzing the integrability conditions of the Killing spinor equations d.¢/ = 0 it
is possible to determine the general form of all the supersymmetric solutions of any
Supergravity theory (Tod (1983)), and then find the supersymmetric black hole
solutions.

We are going to review the black holes of (ungauged)

N =2 d =4 Supergravity coupled to vector multiplets.
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Non-extremal black holes and black branes
In order to find static extremal black holes one could try to integrate directly the

equations of motion of the FGK formalism for the black-hole potential of N = 2
d = 4 theories:

—Vin = |Z* + G D;2D;. 2%,

where Z is the central charge of the theory

(e )10 )1 =0 Ma0) - an£20),

Z(¢:pq0) = (V(9) | Q)
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Non-extremal black holes and black branes

In order to find static extremal black holes one could try to integrate directly the
equations of motion of the FGK formalism for the black-hole potential of N = 2
d = 4 theories:

—Vin = |Z* + G D;2D;. 2%,

where Z is the central charge of the theory

Z(¢:pq0) = (V(9) | Q)

(e )10 )1 =0 Ma0) - an£20),

Direct integration is not easy but
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Non-extremal black holes and black branes

In order to find static extremal black holes one could try to integrate directly the
equations of motion of the FGK formalism for the black-hole potential of N = 2
d = 4 theories:

—Vin = |Z* + G D;2D;. 2%,

where Z is the central charge of the theory

Z(¢:pq0) = (V(9) | Q)

(e )10 )1 =0 Ma0) - an£20),

Direct integration is not easy but

There is a recipe to construct all the BPS ones.

(Behrndt, Liist & Sabra (1997), Denef (2000), Lopes Cardoso, de Wit,
Kappeli & Mohaupt, Meessen, O. (2006))
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Non-extremal black holes and black branes

1. For some complex X, define the Kahler-neutral, real, vectors /< and

+il=V/X.
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Non-extremal black holes and black branes

1. For some complex X, define the Kahler-neutral, real, vectors /< and
+il=V/X.
2. The components of 7 are given by a vector real functions harmonic in
the 3-dimensional transverse space. For single black holes (7 = —p):
: A(r) oo = 5p™T
A A(T) Aoco — %QAT
with no sources of NUT charge, i.e. ( /oo | Q) = T oqa — Hacep™ =0
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Non-extremal black holes and black branes

1. For some complex X, define the Kahler-neutral, real, vectors /< and
+il=V/X.
2. The components of 7 are given by a vector real functions harmonic in
the 3-dimensional transverse space. For single black holes (7 = —p):
: A(r) oo = 5p™T
A A(T) Aoco — %QAT
with no sources of NUT charge, i.e. ( /oo | Q) = T oqa — Hacep™ =0

3. R is to be found from 7 by solving the stabilization equations.
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Non-extremal black holes and black branes

1. For some complex X, define the Kahler-neutral, real, vectors /< and
+il=V/X.
2. The components of 7 are given by a vector real functions harmonic in
the 3-dimensional transverse space. For single black holes (7 = —p):
: A(r) oo = 5p™T
A A(T) Aoco — %QAT
with no sources of NUT charge, i.e. ( /oo | Q) = T oqa — Hacep™ =0

3. R is to be found from 7 by solving the stabilization equations.
i/ X B iy i
0/X — 704470

4. The scalars Z* are given by the quotients Z" =
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Non-extremal black holes and black branes

1. For some complex X, define the Kahler-neutral, real, vectors /< and
+il=V/X.
2. The components of 7 are given by a vector real functions harmonic in
the 3-dimensional transverse space. For single black holes (7 = —p):
: A(r) oo = 5p™T
A A(T) Aoco — %QAT
with no sources of NUT charge, i.e. ( /oo | Q) = T oqa — Hacep™ =0

3. R is to be found from 7 by solving the stabilization equations.

i/ X B iy i
0/X — 704470
5. The function U(7) of the FGK formalism is given by

4. The scalars Z* are given by the quotients Z" =

—2U

e = (R|T)=T"RA—TAR".
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Non-extremal black holes and black branes

M

. satistying the condition

The asymptotic values of the harmonic functions,
N = {(Hy | @) =0 have the general form

=w§%m( Z—O@) 2o = 26y d), (b))

| Z oo
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Non-extremal black holes and black branes

The asymptotic values of the harmonic functions, //% satisfying the condition
N = {(Hy | @) =0 have the general form
2%

Then, to construct the most general static BPS solution of a given theory using this

recipe one just has to solve stabilization equations, which can prove to be very
difficult.
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Non-extremal black holes and black branes

M

. satistying the condition

The asymptotic values of the harmonic functions,
N = {(Hy | @) =0 have the general form

:i\/i%m( 2330), 2o = Z(bprd). (6o0).

| Z oo

Then, to construct the most general static BPS solution of a given theory using this

recipe one just has to solve stabilization equations, which can prove to be very
difficult.

One can check in the explicit solutions all the properties predicted by the FGK
formalism.
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Non-extremal black holes and black branes

M

. satistying the condition

The asymptotic values of the harmonic functions,
N = {(Hy | @) =0 have the general form

=2 (V22 ) 2= 20mma), (6o0)

| Z oo

Then, to construct the most general static BPS solution of a given theory using this

recipe one just has to solve stabilization equations, which can prove to be very
difficult.

One can check in the explicit solutions all the properties predicted by the FGK
formalism.

In this case the complete explicit solutions do not give much more information than
the , but they are going to be used as starting point for the construction of
non-extremal solutions.
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Non-extremal black holes and black branes

4 — Construction of explicit solutions: non-extremal
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Non-extremal black holes and black branes

4 — Construction of explicit solutions: non-extremal

The following prescription to deform the extremal supersymmetric solutions of N = 2
d = 4 Supergravity theories has been given in Galli, O., Perz & Shahbazi (2011):

May 31st 2012 Branes and Black Holes Workshop, London Page 15-a



Non-extremal black holes and black branes

4 — Construction of explicit solutions: non-extremal

The following prescription to deform the extremal supersymmetric solutions of N = 2
d = 4 Supergravity theories has been given in Galli, O., Perz & Shahbazi (2011):

If the supersymmetric solution is given by

U(r) = Ue[H(7)], ZN1) = Z[H(T)],

where U, and Z' depend on harmonic functions //M(7) = /M __ — %QM T given by

the standard prescription for supersymmetric black holes ,
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Non-extremal black holes and black branes

4 — Construction of explicit solutions: non-extremal

The following prescription to deform the extremal supersymmetric solutions of N = 2
d = 4 Supergravity theories has been given in Galli, O., Perz & Shahbazi (2011):

If the supersymmetric solution is given by

U(r) = Ue[H(7)], ZN1) = Z[H(T)],

where U, and Z' depend on harmonic functions //M(7) = /M __ — %QM T given by

the standard prescription for supersymmetric black holes ,

Then, the non-extremal solution is given by
U(r) = Ue|H(7)] + 707, Z'(r) = Z'[H(T)],

where now the functions are assumed to be of the form

M __ M‘|‘ M€2r07'

Y

and the constants «™, /™ have to be determined by explicitly solving the e.o.m.
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Non-extremal black holes and black branes

[1 We are assuming that all the black hole solutions have the same dependence on

some functions //# (7), which are harmonic in the extremal case and something
else in the non-extremal cases.
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Non-extremal black holes and black branes

[1 We are assuming that all the black hole solutions have the same dependence on

some functions //# (7), which are harmonic in the extremal case and something
else in the non-extremal cases.

[1 Although there are some contrary claims in the literature, it is hard to imagine
how it cannot be true if the most general family of solutions has to be
duality-invariant and has to have the right extremal limits.
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Non-extremal black holes and black branes

[1 We are assuming that all the black hole solutions have the same dependence on

some functions //# (7), which are harmonic in the extremal case and something
else in the non-extremal cases.

[1 Although there are some contrary claims in the literature, it is hard to imagine
how it cannot be true if the most general family of solutions has to be
duality-invariant and has to have the right extremal limits.

[1 Experience shows that the hypothesis is true even in more general
supersymmetric cases (non-Abelian black holes etc.).
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Non-extremal black holes and black branes

[1 We are assuming that all the black hole solutions have the same dependence on

some functions //# (7), which are harmonic in the extremal case and something
else in the non-extremal cases.

[1 Although there are some contrary claims in the literature, it is hard to imagine
how it cannot be true if the most general family of solutions has to be
duality-invariant and has to have the right extremal limits.

[1 Experience shows that the hypothesis is true even in more general
supersymmetric cases (non-Abelian black holes etc.).

It has been shown that it is possible to rewrite the FGK effec-
tive action using the /'™ (7) as variables that replace U(7) and

¢'(7) (Mohaupt & Waite arXiv:0906.3451, Mohaupt & Vaughan
arXiv:1006.3439 & arXiv:1112.2876, Meessen, O., Perz & Shah-

bazi arXiv:1112.3332). This confirms our hypothesis.
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Non-extremal black holes and black branes

[1 We are assuming that all the black hole solutions have the same dependence on

some functions //# (7), which are harmonic in the extremal case and something
else in the non-extremal cases.

[1 Although there are some contrary claims in the literature, it is hard to imagine
how it cannot be true if the most general family of solutions has to be
duality-invariant and has to have the right extremal limits.

[1 Experience shows that the hypothesis is true even in more general
supersymmetric cases (non-Abelian black holes etc.).

It has been shown that it is possible to rewrite the FGK effec-
tive action using the /'™ (7) as variables that replace U(7) and

qbz(T) (Mohaupt & Waite arXiv:0906.3451, Mohaupt & Vaughan
arXiv:1006.3439 & arXiv:1112.2876, Meessen, O., Perz & Shah-

bazi arXiv:1112.3332). This confirms our hypothesis.

More on this, later.
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Non-extremal black holes and black branes

We are going to give an explicit example, showing that one can recover both the
extremal supersymmetric and non-supersymmetric black holes of a model from the
general non-extremal solution found with this prescription.
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Non-extremal black holes and black branes
We are going to give an explicit example, showing that one can recover both the

extremal supersymmetric and non-supersymmetric black holes of a model from the
general non-extremal solution found with this prescription.

Extremal, supersymmetric
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Non-extremal black holes and black branes

We are going to give an explicit example, showing that one can recover both the
extremal supersymmetric and non-supersymmetric black holes of a model from the
general non-extremal solution found with this prescription.

Extremal, supersymmetric

Non — extremal, non — supersymmetric
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Non-extremal black holes and black branes

We are going to give an explicit example, showing that one can recover both the
extremal supersymmetric and non-supersymmetric black holes of a model from the
general non-extremal solution found with this prescription.

Extremal, supersymmetric

Non — extremal, non — supersymmetric

Extremal, non — supersymmetric
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Non-extremal black holes and black branes

5 — A complete example: CP' model

This model has n scalars Z* that parametrize the coset space SU(1,n)/SU(n). We
add for convenience Z" = 1, so we have

(2% =(Q,27), (Zr)=(1,2;) =(1,-2"), (nax) = diag(+—---—).
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Non-extremal black holes and black branes

5 — A complete example: CP' model

This model has n scalars Z* that parametrize the coset space SU(1,n)/SU(n). We
add for convenience Z" = 1, so we have

(2% =(Q,27), (Zr)=(1,2;) =(1,-2"), (nax) = diag(+—---—).

The Kihler potential is K = —log (Z*}Z,),
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Non-extremal black holes and black branes

5 — A complete example: CP' model

This model has n scalars Z* that parametrize the coset space SU(1,n)/SU(n). We
add for convenience Z" = 1, so we have

(2% =(Q,27), (Zr)=(1,2;) =(1,-2"), (nax) = diag(+—---—).

The Kihler potential is K = —log (Z*}Z,),

and the Kahler metric is Qij* = —BIC (777;3'* — QKZ;ZJ'*) .
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Non-extremal black holes and black branes

5 — A complete example: CP' model

This model has n scalars Z* that parametrize the coset space SU(1,n)/SU(n). We
add for convenience Z" = 1, so we have

(2% =(Q,27), (Zr)=(1,2;) =(1,-2"), (nax) = diag(+—---—).

The Kihler potential is K = —log (Z*}Z,),

and the Kahler metric is Qij* = —BIC (777;3'* — QKZ;ZJ'*) .

The covariantly holomorphic symplectic section reads ) = /2
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Non-extremal black holes and black branes

5 — A complete example: CP' model

This model has n scalars Z* that parametrize the coset space SU(1,n)/SU(n). We
add for convenience Z" = 1, so we have

(2% =(Q,27), (Zr)=(1,2;) =(1,-2"), (nax) = diag(+—---—).

The Kihler potential is K = —log (Z**Z,),
and the Kahler metric is Qij* = —BIC (777;3'* — QKZ;ZJ'*) .

ZA

The covariantly holomorphic symplectic section reads ) = /2

i
— 17

It is convenient to define the complex charge combinations I'y = gz + 2nanp™ .
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Non-extremal black holes and black branes

In this model the central charge Z, its holomorphic Kahler -covariant derivative and
the black-hole potential are

Zz = 2701,
D;Z2 = N2 7ATy — N2y
1ZI? = GY DiZD;. 2% = | ZAT )2 —T*AT,

—Ven = |Z2+|Z].
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Non-extremal black holes and black branes

In this model the central charge Z, its holomorphic Kahler -covariant derivative and
the black-hole potential are

Zz = 2701,
D;Z2 = N2 7ATy — N2y
1ZI? = GY DiZD;. 2% = | ZAT )2 —T*AT,

—Ven = |Z2+|Z].

~

In N =2 theories, in the extremal case | Z| plays the role of superpotential W. |Z|
plays here the role of “fake” superpotential.

May 31st 2012 Branes and Black Holes Workshop, London Page 19-a



Non-extremal black holes and black branes

The extremal case
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Non-extremal black holes and black branes

The extremal case

We start by calculating the critical points of the black-hole potential:

( Zih — P*i/F*O’

(isolated, supersymmetric )
G0 Vi, =2Z T (T = T2 =0 = ZMNTA =0,
(hypersurface of non — supersymmetric

\ )

May 31st 2012 Branes and Black Holes Workshop, London Page 20-a



Non-extremal black holes and black branes

The extremal case

We start by calculating the critical points of the black-hole potential:

( Zih — P*i/F*O’

(isolated, supersymmetric )
G0 Vi, =2Z T (T = T2 =0 = ZMNTA =0,
(hypersurface of non — supersymmetric

\ )

e~ for | Z3]? | Zn)? —Vohn
ZUS =T 10 | AT, >0 | T*AD, 0 ATy | | 2ol
ZAMSYD = —T*AT) >0 0 —T*AT) | —=T*AT) | |20l
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Non-extremal black holes and black branes

Next, we construct the supersymmetric ( extremal ) solutions, associated to the
supersymmetric
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Non-extremal black holes and black branes

Next, we construct the supersymmetric ( extremal ) solutions, associated to the
supersymmetric

First we solve the stabilization equations:

1 )y A
A = 5NAs LT, = —2n 5.
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Non-extremal black holes and black branes

Next, we construct the supersymmetric ( extremal ) solutions, associated to the
supersymmetric

First we solve the stabilization equations:

1 )y A A
A = 5NAs LT, = —2n 5.

Then, the solutions are completely determined by the harmonic functions
M(r)y = 1M — \%QMT with

Z*
Moo::t\@%m( M—OO> .
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Non-extremal black holes and black branes

Next, we construct the supersymmetric ( extremal ) solutions, associated to the
supersymmetric

First we solve the stabilization equations:

1 5 A AS
A= 5Nl = —2n""Iy.

Then, the solutions are completely determined by the harmonic functions
M(r)y = 1M — \%QMT with

Z*
Defining, for convenience

A= A‘F%UAE =e€ |Z—oo’ Aoo_EFAT

the metric function and the scalars are

6_2U:2 * A A, Zz: ‘ _
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Non-extremal black holes and black branes

Non-extremal solutions
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Non-extremal black holes and black branes

Non-extremal solutions

Our Ansatz for the non-extremal solution is

€—2U _ 6_2[Ue( )+7roT] ’ €—2Ue( ) 9 * A A, 7 Zie( ) _ *z/ >|<07
where HA = AN 4 phe20T - A =0,--- ,n.
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Non-extremal black holes and black branes

Non-extremal solutions

Our Ansatz for the non-extremal solution is

€—2U _ 6_2[Ue( )—FTQT], €—2Ue( ) 9 * A A, - Zie( ) _ *z/ * 0

Y

where HA = AN 4 phe20T - A =0,--- ,n.

The 2(n 4+ 1) complex constants /5, 7o are found by imposing the e.oom. (f =¢e"°7)

Uo — (Uo)? — Gij= 2°2%7 = 0,
(2T0)2 |:er -+ Ue] + 62Ue‘/bh — 07
@ro)? | f (2 + G 0Giy- 25 21) + 21| + €200 05 iy, = 0.
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Non-extremal black holes and black branes

The e.o.m. are solved if the the constants satisfy the algebraic equations

%m( * A\ A)

* A\ EfAE

( * A E_|_ * A E)fAZ

* A\ ZfAE

(2r0)?(BFAG — Bp A7) A A Ap + (DA = T A7) A* ATy

—(2ro)? (B AG = BeAY) B*ABA + () By — TG B7) B AT

(T3 A5 = ToAT) A ATA + (T B = T5B7) B* AT 4

where Eax = 2 (DAL'S + 8102 AnB%) — nax (TUTE + 8rg2 AR 12E)
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Non-extremal black holes and black branes

The e.o.m. are solved if the the constants satisfy the algebraic equations

Sm(*MA,) = 0,

Ay = 0,

(A*ABES 4 prAADYe, o = 0,

ARGy = 0,

(2r0)* (B AS = B A A M AN+ (D7 A5 = TE AN AT = 0,
—(2r0)?(BFAG = Bo A B ABA + (LB = L5 BH) B*A0y = 0,
(DyAS = TEANAATA + (DB = D5 B B*ATn = 0,

where Eax = 2 (DAL'S + 8102 AnB%) — nax (TUTE + 8rg2 AR 12E)

No differential equations remain to be solved!
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Non-extremal black holes and black branes

Furthermore, we need to normalize the metric at spatial infinity and relate A, S
to the physical parameters:

ARe[*M(AN+ BA)] = 1= 0 /rg,
*O_|_ 0 ZOO
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Non-extremal black holes and black branes

Furthermore, we need to normalize the metric at spatial infinity and relate A, S
to the physical parameters:

ARe[*M(AN+ BA)] = 1= 0 /rg,
*O_|_ * 0 — ZOO

The solution can be found and it is

- iefcoom {Z}i o 2_e’<oo|zg<§r*zy2)‘+FAZ*EOOF*Z}

1+
2v/2 0 To

Kel2 ([ (2= eF=|Zi5Ty)]  TaZiiIy
2\/§ To To
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Non-extremal black holes and black branes

Furthermore, we need to normalize the metric at spatial infinity and relate A, S
to the physical parameters:

ARe[*M(AN+ BA)] = 1= 0 /rg,
*O_|_ * 0 — ZOO

The solution can be found and it is

- iefcoom {Z}i o 2_e’<oo|zg<§r*zy2)‘+FAZ*EOOF*Z}

1+
2\@ i T0 | To
K2 (T (P =Rz TEP)] | TaZi T
2v/2 70 ro

Here /%rp% = (12 — | Z50]?) (/2 — | Z00]?), and one can show that the metric is
regular in all the r¢? > 0 cases.
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Non-extremal black holes and black branes

Supersymmetric and non-supersymmetric extremal limits
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Non-extremal black holes and black branes

Supersymmetric and non-supersymmetric extremal limits

Since 1/2rg2 = (M? = |Z5]?) (/% — | Z5|?) there are two g — 0 (extremal ) limits:
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Non-extremal black holes and black branes

Supersymmetric and non-supersymmetric extremal limits

Since 1/2rg2 = (M? = |Z5]?) (/% — | Z5|?) there are two g — 0 (extremal ) limits:

1. Supersymmetric , when 1/ — |Z|? = = |ZZT's|2. We get the harmonic
functions of the supersymmetric case.
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Non-extremal black holes and black branes

Supersymmetric and non-supersymmetric extremal limits

Since 1/2rg2 = (M? = |Z5]?) (/% — | Z5|?) there are two g — 0 (extremal ) limits:

1. Supersymmetric , when 1/ — |Z|? = = |ZZT's|2. We get the harmonic
functions of the supersymmetric case.

2. Non-supersymmetric , when /2 = |Z|? = e~ |Z2Tg|? = T*>Ts..
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Non-extremal black holes and black branes

Supersymmetric and non-supersymmetric extremal limits

Since 1/2rg2 = (M? = |Z5]?) (/% — | Z5|?) there are two g — 0 (extremal ) limits:

1. Supersymmetric , when 1/ — |Z|? = = |ZZT's|2. We get the harmonic
functions of the supersymmetric case.

2. Non-supersymmetric , when /2 = |Z|? = e~ |Z2Tg|? = T*>Ts..
We get harmonic functions with different coefficients:

2v/2 |Z 5|
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Non-extremal black holes and black branes

Supersymmetric and non-supersymmetric extremal limits

Since 1/2rg2 = (M? = |Z5]?) (/% — | Z5|?) there are two g — 0 (extremal ) limits:

1. Supersymmetric , when 1/ — |Z|? = = |ZZT's|2. We get the harmonic
functions of the supersymmetric case.

2. Non-supersymmetric , when /2 = |Z|? = e~ |Z2Tg|? = T*>Ts..
We get harmonic functions with different coefficients:

215wl =l {Z* : [—Z) T *Ts + TAZLTE] }
— = |- T
On the event horizon 7 — —oo the scalars Z* = 7/**/7/*V take the values

D2 AT — 24T XD
[0Z:ITy — T*9Tq

*1
" =

which depend manifestly on the asymptotic values.
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Non-extremal black holes and black branes

Supersymmetric and non-supersymmetric extremal limits

Since 1/2rg2 = (M? = |Z5]?) (/% — | Z5|?) there are two g — 0 (extremal ) limits:

1. Supersymmetric , when 1/ — |Z|? = = |ZZT's|2. We get the harmonic
functions of the supersymmetric case.

2. Non-supersymmetric , when /2 = |Z|? = e~ |Z2Tg|? = T*>Ts..
We get harmonic functions with different coefficients:

215wl =l {Z* : [—Z) T *Ts + TAZLTE] }
— = |- T
On the event horizon 7 — —oo the scalars Z* = 7/**/7/*V take the values

D2 AT — 24T XD
[0Z:ITy — T*9Tq

*1
" =

which depend manifestly on the asymptotic values.
There is no behavior in a proper sense.
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Non-extremal black holes and black branes

The structure of the extremal non-supersymmetric

solution as function of the 'Ms is the same as in
the supersymmetric case.

However, no simple substitution recipe could have
led to it.
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Non-extremal black holes and black branes

Physical properties of the non-extremal solutions

May 31st 2012

Branes and Black Holes Workshop, London

Page 27



Non-extremal black holes and black branes

Physical properties of the non-extremal solutions

One can compute the °

¢

and Cauchy horizon) at 7 — —oo and 7 — 400 resp.:

p/m= (M7 = |Z60?) £ (M* — [Ze0]?) £ 20 .

” of the inner and outer horizons (event horizon (+)
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Non-extremal black holes and black branes

Physical properties of the non-extremal solutions

One can compute the °

¢

and Cauchy horizon) at 7 — —oo and 7 — 400 resp.:

p/m= (M7 = |Z60?) £ (M* — [Ze0]?) £ 20 .

” of the inner and outer horizons (event horizon (+)

The product 5, 5_ is manifestly mass and moduli-independent for all values of r(:

L5 7R = (TATy)%.
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Non-extremal black holes and black branes

Physical properties of the non-extremal solutions

One can compute the ” of the inner and outer horizons (event horizon (+)
and Cauchy horizon) at 7 — —oo and 7 — 400 resp.:

ofm= (M7 = |Z?) £ (M? = |Za0|?) £ 2070
The product 5, 5_ is manifestly mass and moduli-independent for all values of r(:
L5 fm? = (T7MT)?

We can write the in the suggestive form

Jre Nt /N, = SyS_/n=Na— Ny €Z.
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Non-extremal black holes and black branes

Physical properties of the non-extremal solutions

One can compute the ” of the inner and outer horizons (event horizon (+)
and Cauchy horizon) at 7 — —oo and 7 — 400 resp.:

L/ =(M? = |Z5|?) £ (M? = |Z|?) £20M g .
The product 5, 5_ is manifestly mass and moduli-independent for all values of r(:
n _/71_2 _ (P* APA)2 .
We can write the in the suggestive form

Jre Nt /N, = SyS_/n=Na— Ny €Z.

But, even though it is suggestive, it is not unique.
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Non-extremal black holes and black branes

Physical properties of the non-extremal solutions

¢

One can compute the ” of the inner and outer horizons (event horizon (+)
and Cauchy horizon) at 7 — —oo and 7 — 400 resp.:

L/ =(M? = |Z5|?) £ (M? = |Z|?) £20M g .
The product 5, 5_ is manifestly mass and moduli-independent for all values of r(:
n _/71_2 _ (P* APA)2 .
We can write the in the suggestive form

Jre Nt /N, = SyS_/n=Na— Ny €Z.

But, even though it is suggestive, it ¢s not unique. We can also write
2
n= (VT V)
= 2_’200’27 = 2_’200’2’

LS5 Jm% = (Vi = NL)?

with

SO
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Non-extremal black holes and black branes

The endpoint of the evaporation process of the non-extremal black holes is
completely determined by their charges, independently of the moduli Z*:

May 31st 2012 Branes and Black Holes Workshop, London Page 28



Non-extremal black holes and black branes

The endpoint of the evaporation process of the non-extremal black holes is
completely determined by their charges, independently of the moduli Z*:

0 Thus, if I*2T'4 > 0, which is the property that characterizes the

supersymmetric . then | 2| > | Zoo| and the evaporation process will
stop when /' = |Z | (supersymmetry restoration).
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Non-extremal black holes and black branes

The endpoint of the evaporation process of the non-extremal black holes is
completely determined by their charges, independently of the moduli Z*:

0 Thus, if I*2T'4 > 0, which is the property that characterizes the

supersymmetric . then | 2| > | Zoo| and the evaporation process will
stop when /' = |Z | (supersymmetry restoration).

O If ATy <0, then |Z5| > | 20| and the evaporation process will stop when
= | Z |-
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Non-extremal black holes and black branes

The endpoint of the evaporation process of the non-extremal black holes is
completely determined by their charges, independently of the moduli Z*:

0 Thus, if I*2T'4 > 0, which is the property that characterizes the

supersymmetric . then | 2| > | Zoo| and the evaporation process will
stop when /' = |Z | (supersymmetry restoration).

O If ATy <0, then |Z5| > | 20| and the evaporation process will stop when
= | Z |-

There is an behavior in the evaporation process.
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Non-extremal black holes and black branes

6 — H-FGK formalism for N =2, d = 4 supergravity

Or: Where the HMs come from
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Non-extremal black holes and black branes

6 — H-FGK formalism for N =2, d = 4 supergravity

Or: Where the HMs come from

In the N =2 d = 4 case, the FGK formalism can be rewritten in different variables
(Mohaupt & Vaughan arXiv:1112.2876, Meessen, O., Perz & Shahbazi arXiv:1112.3332)

| A
U(r), Z (1) 2ny +1) —>( N > =M 2ny +2)

plus one constraint that will appear automatically.
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6 — H-FGK formalism for N =2, d = 4 supergravity

Or: Where the HMs come from

In the N =2 d = 4 case, the FGK formalism can be rewritten in different variables
(Mohaupt & Vaughan arXiv:1112.2876, Meessen, O., Perz & Shahbazi arXiv:1112.3332)

| A
U(r), Z (1) 2ny +1) —>( N > =M 2ny +2)

plus one constraint that will appear automatically.

These variables transform linearly under the duality group, that acts on it as a
subgroup of Sp(2n + 2, R).
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Non-extremal black holes and black branes

6 — H-FGK formalism for N =2, d = 4 supergravity

Or: Where the HMs come from

In the N =2 d = 4 case, the FGK formalism can be rewritten in different variables
(Mohaupt & Vaughan arXiv:1112.2876, Meessen, O., Perz & Shahbazi arXiv:1112.3332)

| A
U(r), Z (1) 2ny +1) —>( N > =M 2ny +2)

plus one constraint that will appear automatically.

These variables transform linearly under the duality group, that acts on it as a
subgroup of Sp(2n + 2, R).

We introduce an auxiliary function X and proceed as in the BPS case defining the
Kahler-neutral, real, vectors and

+1i7 = /X .
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Non-extremal black holes and black branes

6 — H-FGK formalism for N =2, d = 4 supergravity

Or: Where the HMs come from

In the N =2 d = 4 case, the FGK formalism can be rewritten in different variables
(Mohaupt & Vaughan arXiv:1112.2876, Meessen, O., Perz & Shahbazi arXiv:1112.3332)

. A
U(r), Z (1) 2ny +1) —>( N > =M 2ny +2)

plus one constraint that will appear automatically.

These variables transform linearly under the duality group, that acts on it as a
subgroup of Sp(2n + 2, R).

We introduce an auxiliary function X and proceed as in the BPS case defining the

Kahler-neutral, real, vectors and
+1i7 = /X .
We know that the can be expressed as a function of the s and vice-versa

solving the stabilization equations.
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Non-extremal black holes and black branes

6 — H-FGK formalism for N =2, d = 4 supergravity

Or: Where the HMs come from

In the N =2 d = 4 case, the FGK formalism can be rewritten in different variables
(Mohaupt & Vaughan arXiv:1112.2876, Meessen, O., Perz & Shahbazi arXiv:1112.3332)

. A
U(r), Z (1) 2ny +1) —>( N > =M 2ny +2)

plus one constraint that will appear automatically.

These variables transform linearly under the duality group, that acts on it as a
subgroup of Sp(2n + 2, R).

We introduce an auxiliary function X and proceed as in the BPS case defining the

Kahler-neutral, real, vectors and
+1i7 = /X .
We know that the can be expressed as a function of the s and vice-versa
solving the stabilization equations. Then, we introduce two dual sets of variables
Hy = , =
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Non-extremal black holes and black branes

~

We define the Hessian potential W(/7) = H (/1) ,or W(H) = Hy Y (H).
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Non-extremal black holes and black branes

We define the Hessian potential W(/7) = H (/1) cor W(H) = Hy H (H).
W is homogenous of second order in the variables and satisfies
W ~ W
9, Wza—:ZHM, oMW = o\ =2/
0 OH
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Non-extremal black holes and black branes

We define the Hessian potential W(/7) = H (/1) cor W(H) = Hy H (H).
W is homogenous of second order in the variables and satisfies
W ~ W
9, Wza—:ZHM, oMW = o\ =2/
0 OH
Then, the FGK effective action can be written in the form
Lgll] = /df{%a 3, 1ogvv(' | +%QMQN>
. 2 2
# (W) e Wt )
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Non-extremal black holes and black branes

We define the Hessian potential W(/7) = H (/1) cor W(H) = Hy H (H).
W is homogenous of second order in the variables and satisfies
W ~ W
%, Wza—:ZHM, oMW = GN =21
0 OH y;
Then, the FGK effective action can be written in the form
Igll] = /dr{%é’ 0 logW(° ' —|—%QMQN>
. 2 2
(W) e (w e

All the information about the model is encoded in the Hessian potential W (/7).
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Non-extremal black holes and black branes

We define the Hessian potential W(/7) = H (/1) cor W(H) = Hy H (H).
W is homogenous of second order in the variables and satisfies
W ~ W
%, Wza—:ZHM, oMW = GN =21
0 OH y;
Then, the FGK effective action can be written in the form
Igll] = /dr{%é’ 0 logW(° ' —|—%QMQN>
. 2 2
(W) e (w e

All the information about the model is encoded in the Hessian potential W (/7).

Having the (7) that solve this action, the black-hole solution is given by

SO SWHE), 2 =
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Non-extremal black holes and black branes

This shows that we can write all the static black-hole solu-
tions of a given model N = 2 d =4 supergravity exactly in

the same way in terms of the functions (7).
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Non-extremal black holes and black branes

This shows that we can write all the static black-hole solu-
tions of a given model N = 2 d =4 supergravity exactly in

the same way in terms of the functions (7).

But these functions will be different for different solutions.
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Non-extremal black holes and black branes

The equations of motion of the S are
Co . 2 5
~19,,0 1ogw( —%QMQN)Jr(W‘l ) — (WTtQYiy )" = o
. : 2
=0 logW( — 702 ) + (W_l ) = 0,
%88 0 logW{. . —%QMQN]—F(?@ log W/
d ( OA ) OA\
— . +— = 0,
dr \ O 1,
with ;
A= (Wt )+ (WM
In the extremal case o = 0 one sees immediately that /7 = i% OF satisfying the
no-NUT condition / = 0 solve all the equations.
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Non-extremal black holes and black branes

We are searching for more general results.
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Non-extremal black holes and black branes

We are searching for more general results.

But we decided to start studying the d = 5 case first, which is somewhat simpler and
for which there is another H-FGK formalism.
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Non-extremal black holes and black branes

We are searching for more general results.

But we decided to start studying the d = 5 case first, which is somewhat simpler and
for which there is another H-FGK formalism.

Actually, there are two: one for black holes and another for black strings.
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Non-extremal black holes and black branes

7 — H-FGK formalism for N =2, d = 5 supergravity
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Non-extremal black holes and black branes

7 — H-FGK formalism for N =2, d = 5 supergravity

The theories

The scalar manifold of these theories is the hypersurface in “h-space”

(h) = M h/ht =1.
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Non-extremal black holes and black branes

7 — H-FGK formalism for N =2, d = 5 supergravity

The theories

The scalar manifold of these theories is the hypersurface in “h-space”

(h) hh/Rf =1,
If we then define the derived objects

h! h
hr = h‘]hK, hi —V3 0 and hi, = V3 Ohi

5 5o’

we can see that they satisty the following relations

h'hy=1 and  h'h;, =hih, =0.
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7 — H-FGK formalism for N =2, d = 5 supergravity

The theories

The scalar manifold of these theories is the hypersurface in “h-space”

(h) hh/Rf =1,
If we then define the derived objects

hi = h'h | hl

0" 0"

we can see that they satisty the following relations

I
h
V3 oh and hr, = V3 Ohy

h'hy=1 and  h'h;, =hih, =0.
The scalar metric g,,, and the vector kinetic matrix, as;, are given by

oy = hizh),  and  ary =3hghy —2C, ;b = hihy + hhY .

May 31st 2012 Branes and Black Holes Workshop, London

Page 34-c
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7 — H-FGK formalism for N =2, d = 5 supergravity

The theories

The scalar manifold of these theories is the hypersurface in “h-space”

(h) hh/Rf =1,
If we then define the derived objects

hi = h'h | hl

5 5o’

we can see that they satisty the following relations

I
h
V3 oh and hr, = V3 Ohy

h'hy=1 and  h'h;, =hih, =0.
The scalar metric g,,, and the vector kinetic matrix, as;, are given by

oy = hizh),  and  ary =3hghy —2C, ;b = hihy + hhY .

The bosonic action for N = 2 d = 5 supergravity with n vector supermultiplets is

T = /5 (R*1+ 200y 9" Axdd? — Lar F' AxF7 + ﬁ FIAF? AAK) .

May 31st 2012 Branes and Black Holes Workshop, London

Page 34-d



Non-extremal black holes and black branes

The FGK formalisms for black holes and black strings
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Non-extremal black holes and black branes

The FGK formalisms for black holes and black strings

This theory admits black-hole (p = 0,p = 1) and black strings (p = 1,p = 0)
solutions. The corresponding metric ansatze are particular cases of the general one.
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Non-extremal black holes and black branes

The FGK formalisms for black holes and black strings

This theory admits black-hole (p = 0,p = 1) and black strings (p = 1,p = 0)
solutions. The corresponding metric ansatze are particular cases of the general one.

The effective action is

.
~

Ieff[ﬁa (bz] — /dT {(U)2 + (p+1)3(ﬁ+2)gxy(bx(by _ 62U‘/BB + TOQ} )

where, in each case, we have to replace the black-brane potential Vgg by the the
black-hole Vi, (¢, q) and black-string potentials

_Vbh(qba Q) = CLIJQIQJ — ZeQ +3 83326 85626 ’
_Vbs((bap) = afIJpIpJ — Zm2 +3 ame ame y

where we have defined the electric and magnetic central charges by

Ze(¢7 Q) = hIQI; Zm(gb?p) = hIpI .
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Non-extremal black holes and black branes

8 — H-variables for black holes

We replace the original variables U, ®* by new ones H! and H; defined by

eVl (¢) = H,
G_Uh[(gb) = H],

and the new (unconstrained) function W

~

W(IT) = 20, (T K
The homogeneity properties imply that

10 = Iw(m),
he o= (W/2)"2/3H;,
h[ _ (W/Z)_l/SHI

Changing the action to the H; variables, it becomes

~3T1H) = [ dp (007 10gW (E1 1) + ara) — §r0°]
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Non-extremal black holes and black branes

9 — K-variables for black strings

We introduce two new sets of variables, K! and K, related to the original ones

(U, ¢) by

UH() = K,
6_2Uh[((b) = [{] ;
and the new (unconstrained) function V
V(K) = K'K'K*® .
The homogeneity properties imply that
e 3V = V(K),
h[ — V_2/3K17
! = VTBKI.

Changing the action to the K’ variables, it becomes

—3Z|K] = /dp [6’1(% log V (KIK‘] —|—pIpJ) — 37“02} :
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Non-extremal black holes and black branes

The effective actions are formally (only formally!) very similar. let’s take the action
for black holes to show how to use it.
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Non-extremal black holes and black branes

The effective actions are formally (only formally!) very similar. let’s take the action
for black holes to show how to use it.

The equations of motion derived from the effective action are

8K018J10gW<H[HJ —H]HJ+QIQJ> =0.
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Non-extremal black holes and black branes

The effective actions are formally (only formally!) very similar. let’s take the action
for black holes to show how to use it.

The equations of motion derived from the effective action are
050197 logW (H]HJ — H;H, —|—QI(]J> =0.

Multiplying these equations by Hy we get H = 0, the Hamiltonian constraint
H = 81(9‘]10gW (H[HJ — QIQJ) + %7“02 =0,

where the integration constant has been set to %TOQ by hand.
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Non-extremal black holes and black branes

The effective actions are formally (only formally!) very similar. let’s take the action
for black holes to show how to use it.

The equations of motion derived from the effective action are
050197 logW (H]HJ — H;H, —|—QI(]J> =0.

Multiplying these equations by Hy we get H = 0, the Hamiltonian constraint
H = 81(9‘]10gW (H[HJ — QIQJ) + %7“02 =0,

where the integration constant has been set to %TOQ by hand.

Multiplying the equations of motion by Hx we obtain
Ol logW H; = %7“02,

which is the equation of U expressed in the new variables.
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Non-extremal black holes and black branes

The effective actions are formally (only formally!) very similar. let’s take the action
for black holes to show how to use it.

The equations of motion derived from the effective action are
050197 logW (H]HJ — H;H, —|—QIQJ> =0.

Multiplying these equations by Hx we get H = 0, the Hamiltonian constraint
H = 818‘]10gW (H[HJ — QIQJ> -+ %7“02 =0,

where the integration constant has been set to %TOQ by hand.

Multiplying the equations of motion by Hx we obtain
Ol logW H; = %7“02,

which is the equation of U expressed in the new variables.

How useful are these new variables?
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Non-extremal black holes and black branes

[l In H-variables one immediately sees that, in the extremal case g = 0
Hy=Ar+pqr, VI,

always solves the equations of motion in all theories.
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Non-extremal black holes and black branes

[l In H-variables one immediately sees that, in the extremal case g = 0
Hy=Ar+pqr, VI,

always solves the equations of motion in all theories.

[1 A bit more difficult to see: in the extremal case ro = 0
Hy=Ar+pBy,
always solves all the equations of motion if
" Vin(B,q) =0.
(The scalars are always ¢; = H;/Hy and on the horizon ¢; = B;/By).
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Non-extremal black holes and black branes

[l In H-variables one immediately sees that, in the extremal case g = 0
Hy=Ar+pqr, VI,
always solves the equations of motion in all theories.

[1 A bit more difficult to see: in the extremal case ro = 0
Hy =Ar+ pBy,
always solves all the equations of motion if
OXVin(B,q) =0.
(The scalars are always ¢; = H;/Hy and on the horizon ¢; = B;/By).
[0 The Bjs are called fake charges. Defining the fake electric central charges

Ze(qba B) = hIBIa
it is immediate to see that the following first-order flow equations are satisfied

de=U do®
— Ze ; B ;
i (¢, B) i

= —3¢U9%2,(¢, B).
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Non-extremal black holes and black branes

These first-order equations are extremely easy to obtain:

de U = d(h'hre V)

= dh'hre ™V + hld(heY)
= hld(hje V)

= hidH;

= h!Bjdp

— Ze(gbv B)dp :

May 31st 2012 Branes and Black Holes Workshop, London Page 40



Non-extremal black holes and black branes

These first-order equations are extremely easy to obtain:

de U = d(h'hre V)

= dh'hre ™V + hld(heY)
= hld(hje V)

= hidH;

= h!Bjdp

— Ze(Qb, B)dp .
These first-order equations imply the second-order ones if Vi, (¢, B) = Vin(o,q).
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Non-extremal black holes and black branes

These first-order equations are extremely easy to obtain:

de U = d(h'hre V)

= dh'hre ™V + hld(heY)
= hld(hje V)

= hidH;

= h!Bjdp

— Ze(Qb, B)dp .
These first-order equations imply the second-order ones if Vi, (¢, B) = Vin(o,q).

Observe that the interest of these first-order equations is
mainly formal since they are very difficult to integrate to
obtain complete solutions.
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Non-extremal black holes and black branes

[1 The non-extremal case is more complicated, but we can use our hyperbolic ansatz

inh
H;y = A; coshrop—l—BIM.
To
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Non-extremal black holes and black branes

[1 The non-extremal case is more complicated, but we can use our hyperbolic ansatz

inh
H;y = A; COShTO,O—I-B[M.
To

[0 The Ajs are easy to find, but, to find the Bjs, one has to solve the e.o.m.
8K818J log W(H) (B[BJ — 7’0214[14] — qIQJ) = 0 ,

018J10gW(H) (B[BJ—TO2A[AJ—(][(]J) = 0.
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Non-extremal black holes and black branes

[1 The non-extremal case is more complicated, but we can use our hyperbolic ansatz

inh
H;y = A; COShTO,O—I-B[M.
To

[0 The Ajs are easy to find, but, to find the Bjs, one has to solve the e.o.m.
8K818J log W(H) (B[BJ — T02A[AJ — qIQJ) = 0 ,

018J10gW(H) (B[BJ—TO2A[AJ—(][(]J) = 0.

[1 It is possible to find all the non-extremal black holes of all the theories with
diagonal 897 log W(H).
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Non-extremal black holes and black branes

[1 The non-extremal case is more complicated, but we can use our hyperbolic ansatz

inh
H;y = A; COShTO,O—I-B[M.
To

[0 The Ajs are easy to find, but, to find the Bjs, one has to solve the e.o.m.
8K818J log W(H) (B[BJ — T02A[AJ — qIQJ) = 0 ,

018J10gW(H) (B[BJ—TO2A[AJ—(][(]J) = 0.

[1 It is possible to find all the non-extremal black holes of all the theories with
diagonal 897 log W(H).

[1 It is also possible to find all the non-extremal black holes with constant scalars
of all the theories.
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Non-extremal black holes and black branes

[1 Defining the new coordinate

sinh(rgp)

: ro cosh(rgp)

we find the first-order flow equations

de~Y do”
= Z.(¢,B), .

= —3¢U9%2,(¢, B).
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[1 Defining the new coordinate

sinh(rgp)

: ro cosh(rgp)

we find the first-order flow equations

de=U do®

p— e —_— — U CUZe B .
5 =20.B), e =-30°2(6,B)

[0 These equations look identical to those of the extremal case, but the Brs are
different and the range of the coordinate p is not enough to reach an attractor.
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Non-extremal black holes and black branes

[1 Defining the new coordinate

sinh(rgp)

: ro cosh(rgp)

we find the first-order flow equations

de=U do®

_ _ _ 9 Uz
5 =26.B), =30 Z(6,B).

[0 These equations look identical to those of the extremal case, but the Brs are
different and the range of the coordinate p is not enough to reach an attractor.

[0 The first-order flow equations imply the second-order e.o.m. if

Vbh(qﬁv B) o Vbh(qﬁv Q) — T02 .
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10 — Conclusions
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Non-extremal black holes and black branes

10 — Conclusions

< We have generalized the FGK formalism to all spacetime and worldvolume
dimensions.
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Non-extremal black holes and black branes

10 — Conclusions

< We have generalized the FGK formalism to all spacetime and worldvolume
dimensions.

* We have proposed a general Ansatz to solve the equations of the FGK formalism
for non-extremal black holes based on the functional form of the extremal
supersymmetric ones (basically, a deformation procedure).
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Non-extremal black holes and black branes

10 — Conclusions

< We have generalized the FGK formalism to all spacetime and worldvolume
dimensions.

* We have proposed a general Ansatz to solve the equations of the FGK formalism
for non-extremal black holes based on the functional form of the extremal
supersymmetric ones (basically, a deformation procedure).

< We have worked out a complete example, showing
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Non-extremal black holes and black branes

10 — Conclusions

< We have generalized the FGK formalism to all spacetime and worldvolume
dimensions.

* We have proposed a general Ansatz to solve the equations of the FGK formalism
for non-extremal black holes based on the functional form of the extremal
supersymmetric ones (basically, a deformation procedure).

< We have worked out a complete example, showing

1. How the deformation procedure reduces the differential equations of the FGK
formalism to algebraic relations between integration constants, that we have
been able to solve.
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3. How the black-hole solutions generically satisty first-order, gradient flow
equations (not only the extremal or supersymmetric ones).
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We have proven that part of our ansatz is completely general, constructing a

formalism (“H-FGK”) that simplifies the construction of extremal and

non-extremal (black-hole and also black-string solutions in d = 5.
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We have proven that part of our ansatz is completely general, constructing a

formalism (“H-FGK”) that simplifies the construction of extremal and

non-extremal (black-hole and also black-string solutions in d = 5.

< We have shown the power of this approach finding very general solutions and
results such as the first-order flow equations for extremal and non-extremal
objects.
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We are closer to determining the general form of all single,
static, black-hole and black-string solutions of N =2 ,d =4,5
theories.
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